Abstract. We present a new global minimization theorem on Hilbert spaces which is different from the one in Hofer [7] using the notion of a nonexpansive potential operator. An example is given to illustrate our result.
Introduction
In [12] the link between a fixed point of a potential operator and a global minimum of some energy functional was established. Usually a minimization theory is based on the Palais-Smale condition (see, [6, 7] ). In this paper we present a minimization theorem using nonexpansive potential operator theory in Hilbert spaces and our proof is based on a fixed point approach.
Let (H, (., .)) be a real Hilbert space. An operator T : H −→ H is called a potential operator (or gradient operator) on H , if there exists a Gâteaux differentiable functional ϕ : H −→ R such that Gradϕ(x) = T (x), for all x ∈ H i.e. Let (., .) denote the scalar product on H and . = (., .) the norm. Consider the functional,
for all x ∈ H . PROPOSITION 1. [12] . The fixed points of T agree with the global minima of the functional ϕ . 
Then F has at least one fixed point in U. Now, we recall some concepts from critical point theory. DEFINITION 1. [8] . Let ϕ ∈ C 1 (H, R). If any sequence (u n ) ⊂ H for which (ϕ(u n )) is bounded in R and ϕ (u n ) −→ 0 as n −→ +∞ in H possesses a convergent subsequence, then we say that ϕ satisfies the Palais-Smale condition ((PS) condition for short).
PROPOSITION 2. [6, 7] . Let H be a real Hilbert space and let ϕ ∈ C 1 (H, R) satisfy the Palais-Smale condition. Let C be a closed convex subset of H . Suppose that T = I − ϕ maps C into C and that ϕ is bounded below in C . Then, there is a u 0 ∈ C such that ϕ (u 0 ) = 0, and inf
In [6] the authors considered the problem
where Ω is a bounded subset of
By a subsolution and a supersolution of (1.3), we mean respectively w, 
is a nondecreasing function of s for w(x) s W (x). Then there exists a u
Consequently u 0 is a solution of (1.3) .
In this paper we remove the Palais-Smale condition in Proposition 2 and Theorem 3 and replace it with easy verifiable conditions on the functional ϕ .
Main Result
Let H a real Hilbert space and (., .) the scalar product. 
In particular, ϕ (u 0 ) = 0.
Note that T is a potential operator. To show T is nonexpansive, note from the mean value theorem (see [13] pp. 122 ) that for all u, v ∈ H there exists τ 0 ∈ [0 1] such that:
Here, DT is the differential of the operator T. Using assumption (2) we infer that
From Theorem 1, the operator T has a fixed point in C and, by Proposition 1, such a fixed point is a global minimizer of ϕ on H. Now, one can prove an analogue of the above theorem.
THEOREM 5. Let ϕ : H −→ R be a functional as in Theorem 4 and assume conditions 1 and 2 in the statement of Theorem 4 hold. Also suppose there is an open bounded subset U of H with 0 ∈ U and
Then, ϕ has a global minimum on U. Indeed there exists a u 0 ∈ U such that
Proof. The result follows from Theorem 2, since the above condition guarantees that λ (I − ϕ )(u) = u for all u ∈ ∂U and λ ∈ [0, 1].
Application
Consider the problem
where Ω is a bounded domain in R N . Here f and f : Ω × R −→ R are Carathéodory functions where f is the derivative of f with respect to its second variable. Also assume | f (x, s)| c 1 |s|
for some positive constants c 1 , c 2 ,
A weak solution of (3.1) is a solution of the problem,
Let w,W ∈ H 1 0 (Ω) be respectively a subsolution and a supersolution of (3.3) and let λ 1 be the first eigenvalue of the linear Dirichlet problem
Then, there exists a u 0 ∈ H 1 0 (Ω) which is a weak solution of problem (3.1) and u 0 ∈ [w, W ].
Proof. Consider the problem,
From assumption (3.2) (see [3] , [5] ), ϕ is twice differentiable and the derivatives are given by:
To prove that problem (3.3) has a solution we show that ϕ satisfies the assumptions in Theorem 4.
To show
, we use the Cauchy-Schwarz and the Poincaré inequalities, and we have It is easy to see that w and W which are defined by w(x) = 0 and W (x) = π 2 4 |x| − |x| 2 are respectively subsolution and supersolution of (3.6). Also note all the assumptions in the statement of Theorem 6 are satisfied.
